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Applying the principle of decomposition of a power series into an odd and an
even part to a product of functions, many new products of two hypergeometric
functions are obtained. From them new summation theorems are deduced and new
relations for the Kelvin functions are obtained. Q 1996 Academic Press, Inc.
1. INTRODUCTION
Using the familiar abbreviation
G a q n .
a s s a a q 1 ??? a q n y 1 , .  .  .n
G a .
the power series definition for the generalized hypergeometric function
F can be written in the formp q
p m`a . a , . . . , a P a z .p 1 p js1 j mz zF ' F s ? .p q p q qb , . . . , bb  b m! .  /  .1 q 0q js1 jms0 m
 .Another common forms is F a , . . . , a ; b , . . . , b ; z . This series con-p q 1 p 1 q
< <verges for all z if p - q q 1, and for z - 1 if p s q q 1. It has been
assumed that all parameters have general values, real or complex, except
for the b , j s 1, 2, . . . , q none of which is equal to zero or to a negativej
integer.
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< <If p s q q 1, the series is absolutely convergent on the circle z s 1 if
 q p .Re  b y  a ) 0. If one or more a are negative integers, thejs1 j is1 i i
series terminates and convergence does not enter the discussion. For more
information about this function, we refer the reader to a standard text,
w xe.g., 8 .
w xIn 9 , Osler proves an identity in which a general hypergeometric
function is expressed as a linear combination of N restricted hypergeomet-
ric functions F . He also gives the inverse of that identity andpN qNqNy1
studies several special cases. The particular case N s 2 of these identities
w xbecomes Carlson's identities given in 2 . From this special case N s 2, we
 .obtain the well-known formula which expresses any F series p F q q 1p q
as a sum of even and odd parts, namely
a a q 1p p
, /  /a . 2 2p pyqy1 2z 4 zF s Fp q 2 p 2 qq1 1 b b q 1b . q q 0q , , 0 /  /2 2 2
a q 1 ap p
, q 1 / /a ??? a 2 21 p pyqy1 24 zq z F . 1 .2 p 2 qq1 3 b q 1 bb ??? b q q1 q , , q 1 0 /  /2 2 2
Carlson's identities generalize Lardner's relations between F and Bessel0 3
w x w xfunctions 7 . Riordan in 10, Section 4.3 has obtained even more funda-
mental results for the problem of multisection of series. In the same vein,
w xSrivastava and Manocha 13, Chapter 3; 11 give an excellent review of this
old idea of separating a power series into its even and odd terms and of its
w xgeneralizations to linear combinations of terms. In 13 this idea is used to
derive a number of generating functions for the Jacobi and Laguerre
w xpolynomials, and in 11 it is used to obtain interesting properties of the F,
G, and H functions. More recently, using the same ideas, Srivastava
investigated the so-called sub-exponential series, relating them to more
w xgeneral results 12 .
 .In Section 2, we prove two identities similar to 1 except for the fact
that they involve a product of two hypergeometric functions instead of only
one. These identities are easily obtained by the separation of the product
into even and odd parts.
Section 3 contains the main results which consist of new products of two
hypergeometric functions. Each of these results is derived from a case
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where a product of two hypergeometric functions can be expressed in term
of a simple hypergeometric function. For example, from Clausen's identity
w x3 expressing the square of a F series as a F series we obtain a product2 1 3 2
of two restricted F series which is equal to a F series. A list of products4 3 6 5
w xof two hypergeometric functions can be found in 4, pp. 185, 186 .
2. DECOMPOSITION OF A PRODUCT OF TWO
HYPERGEOMETRIC FUNCTIONS INTO EVEN AND ODD
PARTS
In order to obtain our results, the next theorem is required.
THEOREM. If
`2a . 2 a .p r nz l zF F s c z , 2 .p q r s n2b .2b  / . 0 sq ns0
where l s 1 or y1, then
1a , a q .  .p p 2 pyqy14 zF2 p 2 qq1 1 1b , b q , . 0 .q q 2 2
1a , a q .  .r r 2 rysy14 z= F2 r 2 sq1 1 1b , b q , . 0 .s s 2 2
 p a  r ais1 i js1 jpqryqysq l z2 q s b  bis1 i js1 j
1a q , a q 1 . .p p2 pyqy14 z= F2 p 2 qq1 1 3b q , b q 1 , . 0 .q q2 2
1a q , a q 1 . .r r2 rysy14 z= F2 r 2 sq1 1 3b q , b q 1 , . 0 .s s2 2
`
ns c z 3 . 2 n
ns0
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and
1p a q , a q 1 . . a p p2is1 i pyqy1pyq 4 z2 F2 p 2 qq1q 1 3 b b q , b q 1 , . 0 .is1 i q q2 2
1a , a q .  .r r 2 rysy14 z= F2 r 2 sq1 1 1b , b q , . 0 .s s 2 2
1r a q , a q 1 . a  .r r2is1 i rysy1rys 4 zq l2 F2 r 2 sq1 1 3s b b q , b q 1 , . 0 .is1 i s s2 2
1a , a q .  .p p 2 pyqy14 z= F2 p 2 qq1 1 1b , b q , . 0 .q q 2 2
`
ns c z . 4 . 2 nq1
ns0
 .  .Proof. Each function on the left side of 2 can be expressed using 1
 .  .as the sum of an even and odd function. Essentially, formulas 3 and 4
are obtained by successive changes of variables. The parameter l has been
introduced in order to condense the formulas obtained. We suppose that
none of the parameters in the denominator of these hypergeometric
functions is zero or a negative integer in order to make sure that these
functions are well defined. This completes the proof.
Remark. If p - q q 1 and r - s q 1, the results are valid for all values
< <of z. If p s q q 1 or r s s q 1, they are valid for z - 1.
 .  .  .  .Let p s r, q s s, a s a , and b s b . If l s 1, the two termsp r p s
 .on the left side of 4 become identical and from this expression we can
obtain some new products of two hypergeometric functions. If l s y1,
 .the left side of 4 vanishes and c s 0. In the next section, we examine2 nq1
some special cases of these identities.
3. SPECIAL CASES
Several products of two hypergeometric functions having the general
 .form of 2 , where the right side is itself a simple hypergeometric function
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2  .with argument pz or pz p constant , are known in the literature. A list
w xof this type of products can be found in 4, p. 186 and each of them gives
 .  .two new identities with 3 and 4 .
In particular, the cases which involve the square of a hypergeometric
function are interesting because other products of two hypergeometric
functions can be obtained from them. Such products are given below:
2 2 4F y; y; z s e s F y; y; 2 z , 5 4 .  .  .0 0 0 0
2ya2
F a ; y; z s 1 y z s F 2a ; y; z , 6 4 .  .  .  . 41 0 1 0
2
a , b 2a , 2b , a q b
z zF s F , 7 .1 12 1 3 2 5a q b q a q b q , 2a q 2b /  /2 2
y yz zF F0 1 0 12m q 1  / / 2n q 1
1m q n q 1, m q n q 2 4 zs F . 8 .2 3 2m q 1, 2n q 1, 2m q 2n q 1 /
 .The left-hand member of the identity 8 becomes a square of a hypergeo-
 .  .metric function with m s n . Formulas 5 and 6 are elementary functions
 .  .and with them we obtain from 3 and 4 well-known formulas. Formula
 . w x  . w x  w7 is due to Clausen 2 and formula 8 is due to Bailey 2 also see 4,
xp. 185 .
 .  .Using formulas 7 and 8 and specializing the parameters of identities
 .  .3 and 4 , we respectively obtain the identities
2
1 1a , a q , b , b q2 2
zF 1 3 14 3 5 /a q b q , a q b q ,4 4 2
2
1 12 2 a q , a q 1, b q , b q 14 za b 2 2
zq F 3 5 34 321  5 /a q b q , a q b q ,4 4 2a q b q .4
1 1 12a , 2a q , 2b , 2b q , a q b , a q b q2 2 2
zs F , 9 .1 1 3 16 5  /2a q 2b , 2a q 2b q , a q b q , a q b q ,2 4 4 2
1 1a , a q , b , b q2 2
zF 1 3 14 3  /a q b q , a q b q ,4 4 2
1 1a q , a q 1, b q , b q 12 2
z= F 3 5 34 3  /a q b q , a q b q ,4 4 2
1 1 12a q , 2a q 1, 2b q , 2b q 1, a q b q , a q b q 12 2 2
zs F , 10 .1 3 5 36 5  /2a q 2b q , 2a q 2b q 1, a q b q , a q b q ,2 4 4 2
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y y
z zF F1 1 1 10 3 0 3m q , n q 1, n q , n q 1, /  /2 2 2 2
16 z y
zq F 3 30 3 m q 1, m q , /2 2 . .2m q 1 2n q 1
y
z= F 3 30 3 n q 1, n q , /2 2
m n 1 m n 1 m n 3 m n
q q , q q , q q , q q 1
2 2 4 2 2 2 2 2 4 2 2
16 zs F , 11 .4 7 1 1 1 1 0m q , m q 1, n q , n q 1, m q n q , m q n q 1,
2 2 2 2
1 y y
z zF F1 1 3 30 3 0 3m q , m q 1, n q 1, n q , /  /2 2 2 22n q 1
1 y y
z zq F F3 3 1 10 3 0 3m q 1, m q , n q , n q 1, /  /2 2 2 22m q 1
 .2 m q n q 1
s
 . .2m q 1 2n q 1
m n 3 m n m n 5 m n 3
q q , q q 1, q q , q q
2 2 4 2 2 2 2 4 2 2 2
16 z= F , 12 .4 7 3 3 3 3 0m q 1, m q , n q 1, n q , m q n q 1, m q n q ,
2 2 2 2
 .  .In 11 and 12 , if we put m s n , we obtain the special cases
2 2
16 zy y
z zF q F1 1 3 30 3 0 32m q , m q 1, m q 1, m q , /  /2 2 2 22m q 1 .
1 3m q , m q4 4
16 zs F , 13 .1 1 12 5 m q , m q 1, 2m q , 2m q 1, /2 2 2
y y
z zF F1 1 3 30 3 0 3m q , m q m q 1, m q , /  /2 2 2 2
3 5m q , m q4 4
16 zs F . 14 .3 3 32 5 m q 1, m q , 2m q 1, 2m q , /2 2 2
These identities seem to be new to the authors. Note that the products
 .  .  .  .10 and 14 could also be used again in the general results 3 and 4 .
However, these results would have very restricted parameters and they will
not be given here.
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w xCarlson in 2 has expressed the Kelvin functions of general order
defined by
ber z " i bei z s J ze" i3p r4 .  .  .n n n
  . w x.in terms of F -series. Using these expressions Eq. 9 in 2, p. 2340 3
 .  .together with 13 and 14 , it is easy, after some calculations, to obtain the
formulas
ber 2 z y bei2 z .  .m m
2 m3pm zr2 .
s cos 2 /2 G 1 q m .
m 1 m 3
q , q 4yz2 4 2 4
= F2 5 m 1 m 1 1 16
q , q 1, m q , m q 1, 0
2 2 2 2 2
2 mq23pm zr2 2 q 2m .  .
y sin 2 /2 G 2 q m .
m 3 m 5
q , q 4yz2 4 2 4
= F , 15 .2 5 m m 3 3 3 16
q 1, q , m q 1, m q , 0
2 2 2 2 2
ber z bei z .  .m m
2 m1 3pm zr2 .
s sin 2 /2 2 G 1 q m .
m 1 m 3
q , q 4yz2 4 2 4
= F2 5 m 1 m 1 1 16
q , q 1, m q , m q 1, 0
2 2 2 2 2
2 mq23pm zr2 .
q cos 1 q m .2 /2 G 2 q m .
m 3 m 5
q , q 4yz2 4 2 4
= F . 16 .2 5 m m 3 3 3 16
q 1, q , m q 1, m q , 0
2 2 2 2 2
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n  .Finally, by equating the coefficients of z in formula 10 , we obtain the
sum of a well-poised hypergeometric series with unit argument, namely,
1 1 1 1 1y y n , yn , y y a y b y n , y a y b y n , a , a q , b , b q2 4 4 2 2
1F 1 3 1 1 18 7  /, a q b q , a q b q , y a y n , ya y n , y b y n , yb y n2 4 4 2 2
 .  .  .4a q 1 4b q 1 2a q 2b q 12n 2 n 2 ns . 17 .
 .  .  .4a q 4b q 1 2a q 1 2b q 12n2 n 2 n
 .Using the same approach, we obtain from 14 a special case of formula
 . w x14 in 2 .
4. CONCLUSION
A possible direction for future research could be to use a product of
hypergeometric functions involving more than two factors to generate new
identities. Moreover, except for elementary functions, very few such prod-
ucts have been found so far. An example of such a product is given by
w x  w x.Henrici 5 see also Karlsson and Srivastava 6
w x w x w 2 xF 6 r ; z F 6 r ; v z F 6 r ; v z0 1 0 1 0 1
1 13r y , r q 34 4 4s F z , .2 7 91 2 1 16 r , 2 r , 2 r q , 2 r q , 4 r y , 4 r , 4 r q3 3 3 3
 .where 6 r / 0, y1, y2, . . . , and v s exp 2p ir3 .
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